Contributions to stochastic bilevel
optimization

Mathieu DAGREOU

Under the supervision of Pierre Ablin, Thomas Moreau and Samuel Vaiter

Ph.D. Commitee: Aurélien Bellet Inria Montpellier
Peter Ochs Saarland University
Emilie Chouzenoux Inria Saclay
Julien Mairal Inria Grenoble
Edouard Pauwels Toulouse School of Economics
.0
R universite D gm | g
A — PARIS-SACLAY S il




Bilevel optimization in machine learning




Bilevel optimization in machine learning

» Mathematical formalism where the
problem we want to solve depends
on the solution of another problem




Bilevel optimization in machine learning

» Mathematical formalism where the
problem we want to solve depends
on the solution of another problem

» Attention in the ML community
because of its ability to model many

situations




Bilevel optimization in machine learning

Model Selection via Bilevel Optimization

Kristin P. Bennett, Jing Hu, Xiaoyun Ji, Gautam Kunapuli, and Jong-Shi Pang

» Mathematical formalism where the
problem we want to solve depends
on the solution of another problem

» Attention in the ML community
because of its ability to model many

situations




Bilevel optimization in machine learning

Model Selection via Bilevel Optimization
Kristin P. Bennett, Jing Hu, Xiaoyun Ji, Gautam Kunapuli, and Jong-Shi Pang

DARTS: DIFFERENTIABLE ARCHITECTURE SEARCH

« Mathematical formalism where the ey Dersvting v
hanxiaol@cs.cmu.com simonyanf@google.com yiming@cs.cmu.edu
problem we want to solve depends
on the solution of another problem

» Attention in the ML community
because of its ability to model many

situations




Bilevel optimization in machine learning

Model Selection via Bilevel Optimization
Kristin P. Bennett, Jing Hu, Xiaoyun Ji, Gautam Kunapuli, and Jong-Shi Pang

DARTS: DIFFERENTIABLE ARCHITECTURE SEARCH

« Mathematical formalism where the ey Dersvting v
hanxiaol@cs.cmu.com simonyanf@google.com yiming@cs.cmu.edu
problem we want to solve depends
on the solution of another problem

Bilevel Optimization to Learn Training Distributions
for Language Modeling under Domain Shift

. Atte nt i O n i n th e M L CO m m u n ity David Grangier, Pierre Ablin, Awni Hannun
because of its ability to model many Aok (grngien peblin s pple o

situations




Bilevel optimization in machine learning

Model Selection via Bilevel Optimization
Kristin P. Bennett, Jing Hu, Xiaoyun Ji, Gautam Kunapuli, and Jong-Shi Pang

DARTS: DIFFERENTIABLE ARCHITECTURE SEARCH

« Mathematical formalism where the ey Dersvting v
hanxiacl@cs.cmu.com simonyan@google.com yiming@cs.cmu.edu
problem we want to solve depends
on the solution of another problem

Bilevel Optimization to Learn Training Distributions
for Language Modeling under Domain Shift

* Atte nt I on I Nn th € M L commun Ity David Grangier, Pierre Ablin, Awni Hannun

Apple, {grangier,pablin,awni}@apple.com

because of its ability to model many
] ] DADA: Differentiable Automatic Data
S |t U at IONS Augmentation

Yonggang Li*!, Guosheng Hu*?*, Yongtao Wang'!, Timothy Hospedales®,
Neil M. Robertson??, and Yongxin Yang?




Bilevel optimization in machine learning

Model Selection via Bilevel Optimization
Kristin P. Bennett, Jing Hu, Xiaoyun Ji, Gautam Kunapuli, and Jong-Shi Pang

DARTS: DIFFERENTIABLE ARCHITECTURE SEARCH

« Mathematical formalism where the ey Dersvting v
hanxiacl@cs.cmu.com simonyan@google.com yiming@cs.cmu.edu
problem we want to solve depends
on the solution of another problem

Bilevel Optimization to Learn Training Distributions
for Language Modeling under Domain Shift

* Atte nt I on I Nn th € M L commun Ity David Grangier, Pierre Ablin, Awni Hannun

Apple, {grangier,pablin,awni}@apple.com

because of its ability to model many
] ] DADA: Differentiable Automatic Data
S |t U at IONS Augmentation

Yonggang Li*!, Guosheng Hu*?*, Yongtao Wang'!, Timothy Hospedales®,
Neil M. Robertson??, and Yongxin Yang?

Deep Equilibrium Models

Shaojie Bai J. Zico Kolter Vladlen Koltun
Carnegie Mellon University Carnegie Mellon University Intel Labs
Bosch Center for Al



Bilevel optimization in machine learning

Model Selection via Bilevel Optimization
Kristin P. Bennett, Jing Hu, Xiaoyun Ji, Gautam Kunapuli, and Jong-Shi Pang

DARTS: DIFFERENTIABLE ARCHITECTURE SEARCH

« Mathematical formalism where the ey Dersvting v
hanxiacl@cs.cmu.com simonyan@google.com yiming@cs.cmu.edu
problem we want to solve depends
on the solution of another problem

Bilevel Optimization to Learn Training Distributions
for Language Modeling under Domain Shift

* Atte nt I on I Nn th € M L commun Ity David Grangier, Pierre Ablin, Awni Hannun

Apple, {grangier,pablin,awni}@apple.com

because of its ability to model many
] ] DADA: Differentiable Automatic Data
S |t U at IONS Augmentation

Yonggang Li*!, Guosheng Hu*?*, Yongtao Wang'!, Timothy Hospedales®,

" ’ X ) - 9 - X . y.
Neil M. Robertson??, and Yongxin Yang*

Deep Equilibrium Models Meta-Learning with Implicit Gradients

Aravind Rajeswaran®! Chelsea Finn*? Sham Kakade' Sergey Levine?

Shaojie Bai J. Zico Kolter Vladlen Koltun
Carnegie Mellon University Carnegie Mellon University Intel Labs ! University of Washington Seattle 2 University of California Berkeley
Bosch Center for Al



Bilevel optimization

Bilevel Optimization Problem




Bilevel optimization

Bilevel Optimization Problem

min &()) = f(A07(N)

0" (\) = argmin g(\, )
O R0




Bilevel optimization

Value function

Bilevel OptimizaYjon Problem

min &()) = f(A07(N)

0" (\) = argmin g(\, )
O R0




Bilevel optimization

Value function Outer function

Bilevel OptimizaYjon Prokjem

min &()) = f(A07(N)

0" (\) = argmin g(\, )
O R0




Bilevel optimization

Value function  QOuter function Contour of g

Bilevel OptimizaYjon Prokjem

min &()) = f(A07(N)

0" (\) = argmin g(\, )
O R0

Inner function




Bilevel optimization

Value function  QOuter function Contour of g

Bilevel OptimizaYjon Prokjem

min &()) = f(A07(N)

0" (A) = argmin g(\, 0)
O R0

| Inner variable
Inner function




Bilevel optimization

Value function  QOuter function Contour of g

Bilevel OptimizaYjon Prokjem

min &()) = f(A07(N)

0" (A) = argmin g(\, 0)
O R0

. Inner variable
Inner function oyter variable




Bilevel optimization

Value function Outer function

Bilevel OptimizaYjon Prokjem

min &()) = f(A07(N)

0" (A) = argmin g(\, 0)
O R0

. Inner variable
Inner function oyter variable

Generally nonconvex eventhough f and g
are convex

Contour of g




Bilevel optimization

Value function  QOuter function Contour of g

Bilevel OptimizaYjon Prokjem

min &()) = f(A07(N)

0" (A) = argmin g(\, 6)
O R0

. Inner variable
Inner function oyter variable

Generally nonconvex eventhough f and g
are convex

This definition assumes the uniqueness of

the Inner solution




Bilevel optimization

Value function Outer function

Bilevel OptimizaYjon Prokjem

min &()) = f(A07(N)

0" (A) = argmin g(\, 0)
O R0

. Inner variable
Inner function oyter variable

Generally nonconvex eventhough f and g
are convex

This definition assumes the uniqueness of

the Inner solution

Non-unigueness leads to dramatically hard
problemsisolte et al. 24]

Contour of g
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function (hg)geprds-

- Empirical Risk I\/I|n|m|zat|on

HliIl Z g train h tram))

HeRde .
Bilevel problem

» Solution 8" found by runnlng SGDiRobbins & Monro *54]
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Grid search
1. Define a grid of candidates A\, ..., \x

2. Train the modelto get 0% (M), ..., 0" (\k)

3. Select the one that minimizes the value
function ®(\) = f(A, 0%(N))
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The problem with the grid search

Grid search
1. Define a grid of candidates A\, ..., A\x

2. Train the model to get 8% (\1),...,0%(\x)

3. Select the one that minimizes the value
function

Curse of dimensionality

The number of function evaluations scales
exponentially with the dimension

{107%,107°,1077,107",10°}| =5

{107%,107°,107%,107 ", 10°}?| = 5% = 25

{107%,107°,1077,107",10°}°| = 5° = 125
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First-order optimization

Differentiable?

Gradient descent on ¢

<+ Gradient descent
» @Grid search

X=X — V()

How to compute it?

Complexity
v Number of gradient computations to

reach an e-stationary point if ® is smooth:

O(e™ )

Independent from the
input dimension
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Twice differentiable and

: strongly convex v
Chain rule Vi.09(X, 07 (X))o (X) + Vi 1 g(A, 0%(X)) =0
v .
VO(X) = Vaf(A, 07 (V) +d0"(\) T Vo f (A 07(N) v

40*(\) = — [V3 4900, 0 (\)] " V3 19(2, 0" (\)
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Implicit gradient
VO(A) = Vaf(\ [05A) ) — V309(A, 05(A))

Bottlenecks

» Solution of the inner problem ;| ;o

+ Solution of a linear system f(A0) = — D FiN0), g(\0) = - > gi(A,0)
j=1 i=1

« Computing a gradient is expensive

ML setting: Empirical Risk Minimization

Stochastic optimizationirosoins & monro 513 Can we build an unbiased estimate of V& (\)?
AL =X\ — At No straightforward answer since...

- _
2

E ﬁveﬁgi
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Cheap estimator of V& (\')
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A framework for bilevel optimization
that enables stochastic and global
variance reduction algorithms

M. Dagreou, P. Ablin, S. Vaiter, T. Moreau. A framework for bilevel optimization that enables

stochastic and global variance reduction algorithm. In Advances in Neural Information
Processing Systems (NeurlPS), 2022. Oral
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Implicit gradient

0N 2 = [V2 0900, 07 ()] Ve f(A, 07 (V)

Main idea: Update 0, v and A in the following directions:

e 0: Dy(0,v,\) =Vog(A,0) Goes towards 0" ()

o v:Dy(0,0,)) = V59X, 0)v+ Vof(\,0) Goes towards v*(\)

o XDy (0,0,)\) = V35 g9\, 0)v +Vaf(),0) Approximate gradient step

Dy (07 V), 0" (), \) = VB(N)

Bilevel Dynamics

pit1 0t — pt Dy (0!, 0%, \Y) " o
ot — ptD, (6%, vt, \t) Same step size in 0 and v because same conditioning

A —AtDy (0%, 0" \Y)
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° D@(ea U, )‘) — V@Q()\a (9)

e Dy(0,0,)) = V599X, 0)v+ Vo f(A0)
o Dy(6,0,)) = V3 49\, 0)v + Vaf(A,0)

SOBA directions

Linear in f and g Samplei € {1,...,n}and j € {1,...,
set

Stochastlc Bllevel Dynamics

0t — pt D}

vt — pt DY

A= 44Di
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SOBA (StOchastic Bilevel Algorithm) in details

SOBA directions

Sample: € {1,...,n} and j € {1,...,m} and set
D} = Vg;(\',0")
D! =Ng 9:(\ 000" + Vo f(\,0")
D} = V3 0gi(A5 000" + Vi f; (A, 0

Iteration cost

» Gradients: computed efficiently by reverse mode automatic differentiation [Linnainmaa et al. 70]

» HVPs: At first sight & & & &2, but...
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Theorem
Assume that

1. the outer function J is twice differentiable with Lipschitz derivatives
2. the inner function g is three times differentiable with Lipschitz derivatives

3. the stochastic directior

s verify

e ([ Dgll"] < Bo(1 -

Then, for step sizes p' < t~z and Vo t~= it holds

-1 Do (67, 0%, A1),

inf 41[
0<t<T—1

VCI)(V)\\Zi < O(log(T)T"2)

% [IDLN] < Bo(1+ || Dy (67, 0", XY)]1?),

e [[IDANIP] < B
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~ Similar to the rate of SGD for non- |
-~ convex smooth functions [Ghadimi*13] |
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Why decreasing the step sizes?
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55 = E[||6° — 6% (\')

o, =E [[Jv" — v*(\")]

Why decreasing the step sizes?

d' = E[®(\Y)]

Fundamental descent lemma

: : o
0g " < (1 — pug)dy + p’E[|| DglI*] + p*E[| DS |I?] + —E[[| DA (67, 0", A*)||?]

: v
0y < (1= ppg)dy + poy + p E[|| Dy ||°] + p°E[|| D317 + —E[|[ DA (6, 0", A") ||?]

B < B — AR [[VO(N)|2] — AE[|[ D0, v, A1) [[] + (5} + 6%) ++E [|| DL
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2
: o
0g ™ < (1= ppg)dg + p°El||Dgll%] + p*E[||D5]I%] - p L[| DA (6", 0", X))
2
: Y
0y < (1= pug)dy, + poy + p° B D5 I1F] + o Efl| D5 |7 - p L[| DA (6", 0", X))

i+l Sq)t—yﬂ[

A = Y- UBAO o {A) ] + (0 + 0) HAE]

Variance terms prevent from converging if not converging towards O

- Make the step sizes decreasing -> leads to slow convergence
» Make the variance decrease? -> Variance reduction algorithmsSionnson et al. 13, befazio et al. *14, Bietti & Mairal 417
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SRBA (Stochastic Recursive Bilevel Algorithm)

General principle Reinitialization of estimate

.+ Adaptation of SARAH/SPIDER to bilevel direc“"gﬁo o t0 0 gt
Setting [Nguyen et al. "17, Fang et al. ’18] o 9( Uy )

. : 0 _ t,0 t,0 t,0
- Recursive estimate of the directions Dy” = D, (0", 0%, A7)
» Periodic reinitialization of the estimate Df\’o = Dy (6%, 0v"°, \5Y)

Full batch directions
Recursive estimation of the directions
Sample: € {1,...,n}tand j € {1,...,m} and set
Dg’k _ Dg,j (Qt’k,vt’k, )\t,k) - Dg’j (et,k’—17vt,k—17 )\t,k—l) 4 Dz’k_l
Df}’k _ D:’j,j (Qt’k,vt’k, )\t,k) o Df}’j (Qt’k_l,vt’k_l, )\t,k—l) 4+ D;ﬁ},k—l

t,k _ NItk tk \tk 1,7 (pt,k—1 ~tk—1 \t,k—1 t,k—1
D DY (077, 0" ) — DY (6 U ;A ) + Dy

Outer loop index Unbiased estimators of the directions
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Assume that
1. the outer function f is twice differentiable with Lipschitz derivatives
2. the inner function g is three times differentiable with Lipschitz derivatives

1

Then, for constant step sizes proportional to (1 +m)™ 2,
O((n+m)ze )

calls to oracles are sufficient to find an e-stationary point

*

~ Similar to the rate of for non-

m convex smooth finite sums Nguyen 221
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Lower bound for bilevel empirical
risk minimization

M. Dagréou, T. Moreau, S. Vaiter, P. Ablin. A Lower Bound and a Near-Optimal Algorithm

for Bilevel Empirical Risk Minimization. In International Conference on Artificial Intelligence and
Statistics (AISTATS), 2024.
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Complexity bounds in optimization

Question

What is the amount of oracle computations | need to solve bilevel ERM with smooth outer
and strongly convex inner functions by only accessing individual gradient of the outer
function and gradient/HVP/JVP of the inner function?
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Complexity bounds in optimization

Proxy of the total amount of
. . Class of problems
elementary operations of an algorithm

Question

What is the amount of oracle computations | need to solve bilevel ERM with smooth outer

and strongly convex inner functions ByIGHIIAGEESSINGNNGIVIAUA GradientIoT e outer
function and gradient/HVP/JVP of the inner function?

T

lCIass of algorithms
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Finite sum minimization setting

1 n
in h(z) =~ h;
;IGHR% () n ‘— ()

Upper bound [Nguyen '22]
There exists an algorithm which is able to
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O(vne™)
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L-smooth
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2" € 2 4 span { Vhgg(x?), -, Vhg (z') }

Random variables in {1,...,n}

23

Upper bound [Nguyen '22]

There exists an algorithm which is able to
find an e-stationary point of any function ~
In less than

O(vne™)

oracle calls.

Lower bound [zhou et al. '19)
Given an algorithm A we can find a
function h such that A requires at least

Q(v/ne )

oracle calls to find an e-stationary point.
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min &(z) = h(y"(z))
rERd
! We could expect a higher lower bound
y* () € argminz [y — z?
yceRa

Algorithm classes

» Single-level analysis assumes that we
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» (Classical bilevel algorithms do not have
access to the exact value of this gradient
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Algorithm class

Update directions
¢ D@(ea U, )‘) — ng()‘7 (9)

o Dy(0,0,)\) = Vi 99(\, 0)v + Vo f(A,0)
o D)\(97 U, >‘) — vi,ﬁg(Aa Q)U + ka(Av 9)
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Algorithm class

Update directions

* Do(0,v,A) = Vgg(A, 0)

e Dy(0,0,)) = Vi 49\, 0)v+ Vo f(),0)
e Dy (0,0,0) = V3 gg(\, 0)v + Vi f (), 0)

Linear Bilevel Algorithm

Qt_'_l - (90 -+ Span {vegio ()‘07 ‘90)7 SRR vegit (At? Ht)}

= UO—I— Span {Va@gio ()\O’ QO)UO =+ V@fjo ()‘07 (90)7
s Vg, A 00" + Vg f;,(A,0%)}

AL e A4 gpan {Vi@gio()\o, 090" + Va S, (A, 67),
V3095, (A1 00) 0" + VoS, (A 00) )
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. Dr(0,0,)) = V3 99\, 0)v + Vi f(A,0)
v e Y4 span {Vgﬁgio (\?, 69)0" + Vo fi, (\Y, 09,
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algorithms
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Algorithm class

Update directions Linear Bilevel Algorithm
¢ D@(ea U, )‘) — ng()‘7 (9)
Dy(0,0,A) = Vg,eg()\» )v+ Vo f(A0) 0" € 0 + span {vegio()‘oa "), ..., Vogi, (N, et)}
D)\(97 U, >‘) — vi,ﬁg(Aa Q)U T ka(Av 9)
v e Y4 span {Vgﬁgio (\?, 69)0" + Vo fi, (\Y, 09,

Contains several several bilevel ..., Vo3, (At, Qt)vt + Vo fj, ()\ta Qt)}
algorithms

AL e A4 gpan {Vi@gio()\o, 090" + Va S, (A, 67),
V3095, (A1 00) 0" + VoS, (A 00) )

But excludes non-linear
subroutines like Neumann
iterations
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Bilevel Optimization Problem
min ®(\) = f(A,0°(\))

AERTA

0" (\) € argmin g(\, 0)
O R0
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Bilevel Optimization Problem Empirical Risk Minimization
min ®(\) = f(A, 07 (N))

1 — ] —
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Bilevel Optimization Problem Empirical Risk Minimization
min ®(\) = f(A, 07 (N))

1 — ] —
AER®A f()‘a‘g) — _ij()‘ve)a g(>\,(9) — _Zgz(Ave)
0" (\) € argmin g(\, 0) mi L

HcR%o

Lipschitz gradient

Twice differentiable,
Strongly convex
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Lower bound for bilevel ERM

Theorem (informal)

For any linear bilevel algorithm, for a large enough dimension d, we can find an instantiation
of bilevel ERM problem such that such that finding a point A € R** that verifies

B[V < e

requires at least Q(m%e_l) gradient/HVP/JVP computations.
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Numerical evaluation of bilevel
algorithms
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Benchmark of bilevel algorithms

« Open and reproducible benchmark

= O benchopt / benchmark_bilevel Q. Type (/) to search

<> Code () Issues 19 Pullrequests 4  (» Actions [ Projects [0 wiki @ Security [~ Insights

¢ benchmark_bilevel ' pubiic s EditPins v = & Unwatch 5 =~ % Fork 6 W Starred 34

¥ main ~ ¥ 6 Branches © 0 Tags Q Goto file Add file ~ <> Code ~ About

Benchmark for bi-level optimization

tomMoral FIX ion of pip:->pip:: ( ) 48314ad - last month @ 181 Commits solvers

.github/workflows MTN use test workflows+fix tests and linter (# last year
benchmark_utils RFC only use jax as a backend for the benchmark (4 3 months ago

config RFC only use jax as a backend for the benchmark 3 months ago

Readme

datasets FIX deprecation of pip:->pip:: (#45 last month .
Activity

figures MTN update config files 7 months ago Custom properties
34 stars

solvers nof p 5 last month
5 watching

Y
=
.
]
=
]
.
.

tests RFC only use jax as a backend for the benchmark (3 3 months ago 6 forks

[ .gitignore CLN missing line .gitignore 2 years ago Report repository

[ README.rst expand readme last year Releases

[ objective.py FIX deprecation of pip:->pip:: last month No releases published

[9 test_config.py INIT bilevel optimization benchmark 3 years ago

Packages

29
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* Provided an open benchmark to compare bilevel algorithms
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* Understanding performances of implicit differentiation-based techniques when apply to
problems with non-strongly convex inner functions
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Thanks for your attention!!!

Conference papers

~ M. Dagréou, P. Ablin, S. Vaiter, T. Moreau. A framework for bilevel optimization that enables stochastic and global
variance reduction algorithm. In Advances in Neural Information Processing Systems (NeurlPS), 2022. Oral

~ M. Dagréou, T. Moreau, S. Vaiter, P. Ablin. A Lower Bound and a Near-Optimal Algorithm for Bilevel Empirical Risk
Minimization. In International Conference on Artificial Intelligence and Statistics (AISTATS), 2024.

» 1. Moreau et al. Benchopt: Reproducible, efficient and collaborative optimization benchmarks. In Advances in Neural
Information Processing Systems (NeurlPS), 2022.

Miscellaneous
~ M. Dagréou, P. Ablin, S. Vaiter, T. Moreau. How to compute Hessian-vector products? In ICLR blogpost track, 2024.
Spotlight
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https://matdag.github.io/publication/benchopt/

